We discuss semiclassical expansions around a class of classical string configurations lying in AdS3 × S 1 using the Pohlmeyer-reduced from of the AdS5 × S 5 superstring theory. The Pohlmeyer reduction of the AdS5 × S 5 superstring theory is a gauged Wess-Zumino-Witten model with an integrable potential and two-dimensional fermionic fields. It was recently conjectured that the quantum string partition function is equal to the quantum reduced theory partition function.
Introduction
With a motivation to understand quantum AdS 5 × S 5 superstring theory, here we discuss semiclassical quantization of the Pohlmeyer-reduced form of a coset sigma model on P SU(2,2|4) Sp(2,2)×Sp (4) . The Pohlmeyer reduction was proposed to show that the equation of motion of the chiral S 2 sigma model is reduced to the sin-Gordon equation [1] . The application of this technique to conformalgauge bosonic string theory includes uncovering the integrability of classical string motion in de Sitter spacetime [2] and finding classical string configurations localized in subspace of AdS 5 × S 5 [4, 5, 6, 7, 8, 9, 10] as the integrable property gives us powerful methods to generate soliton solutions in the reduced theory and the string solution can be constructed from a solution in the reduced theory. In particular string theory in R × S 3 and string theory in AdS 3 × S 1 are reduced to the complex sinGordon model and the complex sinh-Gordon model, respectively, and the latter is the case which we consider in this paper. More recently the Pohlmeyer reduction of AdS 3 string theory was used in evaluating the minimal area of an open string surface ending on null Wilson loop, which is related to the strong-coupling limit of N = 4 super Yang-Mills theory [11, 13, 14] . For this sector it is known that the reduced form is the generalized sinh-Gordon model. Although one can easily switch off the S 1 sector of most of the classical string solutions stretching in AdS 3 × S 1 , the relation between the complex sinh-Gordon model and the generalized sinh-Gordon model is understood only at the level of equation of motion. 1 Open string solutions stretching in AdS n with n > 3 or AdS 3 × S 3 are discussed in [12, 13, 14, 15] .
The Pohlmeyer-type reduction of the full AdS 5 × S 5 superstring sigma model was proposed in [16, 17, 18] . Type IIB Green-Schwarz superstring action in AdS 5 × S 5 can be formulated as a sigma model action on the coset superspace F/G = P SU (2, 2|4)/(Sp(2, 2) × Sp(4)) [19] . In the construction of the reduced theory, new variables are algebraically related to supercoset current components and the Virasoro conditions are automatically solved, and the local fermionic κ symmetry is fixed. The resulting system is expressed as gauged Wess-Zumino-Witten (gWZW) model associated with G/H = (Sp(2, 2) × Sp(4))/[SU (2)] 4 and deformed with an integrable potential and two dimensional fermionic fields. The reduced Lagrangian exhibits the two-dimensional Lorentz invariance, and after integrating out the gauge fields, the reduced theory involves 8 bosonic degrees of freedom and 16 fermionic degrees of freedom, i.e., involves only physical degrees of freedom. The deformed gWZW model possesses the mass scale µ which is to be extracted from the stress tensor in the AdS sector of the original string theory,
Because the closed string theory is defined on a cylinder rather than a plane, One is not allowed to use the 2d Lorentz symmetry in order to set µ + = µ − . Even for the µ + = µ − case, however, we can use a single µ defined by µ = √ µ + µ − .
2 1 In the reduced theory the case of no motion or no stretching in S 1 corresponds to taking µ → 0 where µ is the mass scale of the reduced theory. It is pointed out in [18] that one may be able to take this limit at the level of the gWZW Lagrangian of the full reduction, but so far, the µ → 0 limit at the level of classical Lagrangian is not well understood. As we will see later, this limit is well defined in the fluctuation Lagrangian. 2 Equivalently we obtain µ ± from the other sector, T S ±± = µ 2 ± , since they are connected by the Virasoro constraints, T AdS ±± + T S ±± = 0. As far as the sector of AdS 3 × S 1 is concerned, it is more convenient to calculate µ ± in the S 1 sector due to its simple structure. To be precise, µ ± are not necessarily constant because the conservation of the stress tensor Since conformal invariance on the string worldsheet plays a crucial role in the Pohlmeyer reduction, the classical equivalence of the original AdS 5 × S 5 superstring theory and the deformed gWZW model can be extended to the quantum level only if the two theories are UV finite. In fact the UV finiteness of the AdS 5 ×S 5 superstring sigma model was proved up to two-loop order [20, 21, 22] , and the reduced theory is also UV finite at the same order [23] . In [24] we conjectured that the quantum partition functions of the original string theory and the reduced theory are equal,
string theory = Z (q) reduced theory , ( 2) and demonstrated its validity at the one-loop level for any strings localized in the AdS 2 × S 2 subspace, the homogeneous folded string in AdS 3 × S 1 , and the homogeneous circular two-spin string in R 1 × S 3 .
In this class the classical solutions always have µ + = µ − , then we immediately have µ = µ ± in the reduced theory.
The purpose of this paper is to verify the conjecture (1.2) for more nontrivial string solutions in AdS 3 × S 1 by deriving their fluctuation Lagrangians in the reduced theory and comparing them to the string theory result. Also we shall show the equivalence of fluctuation frequencies for homogeneous string solutions and the smoothness of the µ → 0 limit at the level of the fluctuation Lagrangian for all cases. Because the reduced theory has a simpler quantum structure than the original string theory, semiclassical computation in the reduced theory is turned out to be much easier for both bosons and fermions. Among many classical string configurations stretching in the AdS 3 × S 1 subspace we shall consider the folded string, the circular string and the spiky string.
This paper is organized as follows.
We shall begin with a brief review on the Pohlmeyer reduction and its perturbation theory in section 2. For the bosonic string theory in AdS 3 × S 1 one can explicitly write the relation between the embedding coordinates in the original string theory and two fields of the reduced theory. There we will introduce two reduced models called the coth model and the tanh model, which are connected by the "T-duality" transformation. We shall show that these two models are embedded in the reduced model of the AdS 5 × S 5 superstring theory and are related by the H × H gauge transformation rather than the H gauge transformation in the full reduction.
3
In section 3 we shall discuss the (S, J) folded string. A folded string in pure AdS 3 was first studied as the simplest string state whose classical energy grows logarithmically with the spacetime spin in AdS 3 [25] , and soon after, this solution was extended to the (S, J) folded string solution in AdS 3 × S 1 where the S 1 sector is the pointlike string moving along a big circle of S 5 , i.e., the BMN state [26] .
Its quadratic fluctuations were found from the Nambu action in the static gauge and in the Polyakov implies ∂ ± T ∓∓ = 0, i.e., T AdS ±± = −[f ± (σ ± )] 2 . So we can not set T AdS ±± to be constant without using the 2d conformal invariance. All examples of string solutions in this paper are the case of constant µ ± , and we do not encounter this problem.
One possibility to find a solution with nonconstant µ ± is to employ the ansatz ∂ − X = 0 and ∂ − Y = 0 with ∂ + X = 0 and ∂ + Y = 0. With this choice the stress tensor is T AdS ++ = T S ++ = 0 and T AdS −− = −T S −− = −[f (σ − )] 2 , i.e., we have µ + = 0 and µ − = f (σ − ). 3 Here we have H = [SU (2)] 4 . Because H × H is the symmetry of the equations of motion for the reduced theory, the coth model and the tanh model are not connected at the level of the gWZW Lagrangian. This is the same as the situation in the complex sinh-Gordon model. The T-duality transformation is defined at the level of the sinh-Gordon equations.
action in the conformal gauge [26, 27] , and the equivalence of these two approaches was shown at the one-loop level in [28] . Here one may ask which type of the fluctuation Lagrangian arises in the reduced theory. We shall show the fluctuation Lagrangian derived from the Nambu action is related to that of the coth model.
In section 4 we shall study the homogeneous (S, J) circular string solution which has both the angular momentum and the winding on a big circle of S 5 , and gives us the first example of µ + = µ − .
In [29, 30, 31] semiclassical expansions around the circular string were worked out, and in particular, its fermionic fluctuations are evaluated by carrying out the worldsheet computation in [30] and by employing the algebraic curve method in [31] . 4 We shall show the fluctuation Lagrangian of the reduced theory agrees with [30] . Because the circular string is homogeneous, we can evaluate characteristic frequencies of its quadratic fluctuations also in the reduced theory. In the case of the (S, J) circular string the total sum of the bosonic and fermionic frequencies in the reduced theory agrees with the string theory result although some of the individual frequencies appear to disagree.
A spiky string solution in AdS 3 was first found in [35] as a generalization of the folded string solution, and extended to a solution stretching in AdS 3 × S 1 in [36] . In section 5 we shall discuss the (S, J) spiky string solution and derive its fluctuation Lagrangian of the reduced theory. Our result on the semiclassical expansions for the (S, J) spiky string is expected to agree with the one in the original string theory. As the (S, J) spiky string solution is also the case of µ + = µ − , we consider that the discrepancy could happen for the individual fluctuations, but the total sum the fluctuations should be the same as in the string theory. We shall also discuss the fluctuation Lagrangian in the limiting cases of the (S, J) spiky string; spiky string without motion or stretching in S 5 , and its folded string limit.
In the large spin limit, spikes of the spiky string approach the conformal boundary of AdS 3 , and the solution becomes locally equivalent to the scaling limit of the folded string. The existence of this homogeneous limit is shown in [36] where the expression for its string energy is similar to that for the homogeneous (S, J) folded string. A generalization of the (S, J) folded string solution leads to the explicit construction of another limiting solution of the (S, J) spiky string; the new folded string has both the orbital momentum and the winding in the S 1 sector [37] . This solution again has the scaling limit where the solution becomes homogeneous, which is the case we shall study in section 6. As happened in the circular string case, some individual characteristic frequencies in the reduced theory disagree with the result in [37] , but the sum of the frequencies is the same as in the string theory.
Some concluding remarks are made in section 7.
The psu(2, 2|4) superalgebra is summarized in appendix A, which will be used when we introduce component fields of the fluctuations in the reduced theory. In appendix B we shall study fluctuations around the pulsating string solution [38, 39] in R × S 2 in the reduced theory. Since the reduced theory for the R×S 2 string theory is the sin-Gordon model for a single field, one can check that the fluctuation Lagrangian of the reduced theory is exactly the same as that found from the Nambu action in the original string theory.
Review of Pohlmeyer reduction
In this section we shall describe the perturbation in the reduced Lagrangian. In 2.1 we shall first review the Pohlmeyer reduction of bosonic string theory in AdS 3 × S 1 , and particularly, focus on two reduced models called the coth model and the tanh model of the complex sinh-Gordon theory, which are related by the "T-duality" transformation as discussed in detail in [16] for the case of complex sinGordon model. Then we shall derived the Lagrangian for quadratic fluctuations in the both models. In 2.2 we shall review the perturbation in the deformed gWZW model studied in [24] , and discuss the embedding of the coth model and the tanh model into the full reduction.
Pohlmeyer reduction of bosonic string theory in AdS
Our starting point is the worldsheet Lagrangian for a bosonic string propagating in AdS 3 ×S 1 spacetime,
with
where ∂ ± = ∂ τ ±∂ σ and the contraction is defined by using η = diag(−1, 1, 1, −1) for P, Q, · · · = 0, 1, 2, 3 indices (AdS 3 sector) and δ = diag(1, 1) for M, N, · · · = 1, 2 indices (S 1 sector).
Reflecting the fact that the S 1 sector of a string solution in AdS 3 × S 1 is always homogeneous, the AdS part of the stress tensor satisfies T AdS ±± = −µ 2 ± with constant µ ± . Because the worldsheet of a closed string is a cylinder, it is not necessarily allowed to set µ + = µ − ≡ µ. 5 Instead we introduce the mass scale in the reduced theory by µ = √ µ + µ − . This prescription will be used in the case of classical string with both the orbital momentum and the winding in the S 1 sector (see sections 4, 5, 6 ).
In the case of the AdS 3 ×S 1 bosonic string theory, we can explicitly write the relation between the embedding coordinates and scalar fields of the reduced theory. Let us first look at the construction of the coth model. Introduce a set of O(2, 2) vectors by
and define φ and θ A by
then these φ A and χ A satisfy the complex sinh-Gordon equations,
which follow from the Lagrangian of the coth model,
As we will see in the following sections, the perturbation in the complex sinh-Gordon model describes a part of the fluctuations in the deformed gWZW model. Moreover, it can be a useful tool for evaluating a complicated subsector of the physical fluctuations in the deformed gWZW model. By the perturbation, φ A → φ A + δφ A and χ A → χ A + δχ A , in (2.5) we obtain the quadratic fluctuations,
Another model of the complex sinh-Gordon theory is the tanh model obtained by replacing (2.3) by
The resulting equations describe the tanh model,
whose Lagrangian is
As pointed out in [16] for the complex sin-Gordon model, these two models are related at the level of equations of motion by the "T-duality" transformation,
Because this transformation is non-local, a classical solution in the reduced theory might take a complicated form in one model even if it is simple in the other model.
It is also useful to discussing the perturbation in the tan model. By φ A → φ A +δφ A and θ A → θ A +δθ A in (2.9), we obtain the Lagrangian for the quadratic fluctuations,
Note that the the T-duality transformation works even at the semiclassical level, that is, (2.11) is T-dual to (2.6), which we will use in section 3.
On general ground there is no reason to expect that the complex sinh-Gordon theory is equivalent to the AdS 3 × S 1 bosonic string theory at the quantum level. As far as the one-loop corrections are concerned, on may think this expectation might be true because the first order corrections directly follow from the equations of motion. However, this is not correct for the case of µ + = µ − , and it is necessary to take into account all the bosonic and fermionic fluctuations in order to obtain a correct set of physical fluctuations, which implies that the full reduction of the AdS 5 × S 5 superstring is essential to extend the classical equivalence between string theory and its Pohlmeyer-reduced form into the semiclassical level.
Pohlmeyer reduction of AdS
First we shall start with a brief summary of the construction of the reduced theory for the AdS 5 × S 5 superstring theory. See [16, 18, 24] for its detail.
The Lagrangian for the superstring in AdS 5 ×S 5 can be written in terms of the F G supercoset current components, where F = P SU (2, 2|4) and G = Sp(2, 2)×Sp(4) (the psu(2, 2|4) superalgebra is reviewed in appendix A). The variation of the Lagrangian yields a set of equations of motion, supplemented by the Virasoro constraints and the Maurer-Cartan equation. The Pohlmeyer reduction includes the processes of introducing new fields such that the Virasoro constraints are automatically solved and of fixing the κ symmetry for the fermionic currents. The resulting system is governed by a group element g ∈ G, gauge fields A ± taking value on the algebra h of the group H = [SU (2)] 4 , and 16
, which satisfy the following equations, 12) where
T is a constant matrix chosen to be
The equations (2.12) have H × H gauge symmetry,
In order to write down a Lagrangian for the equations of motion (2.12) we should partially fix the H × H gauge symmetry to a H gauge symmetry as in [24] ,
Here τ is a supertrace-preserving 6 automorphism of the algebra h. This partial gauge fixing reduces the H × H gauge symmetry to the following asymmetric H gauge symmetry, 16) whereτ is a lift of τ from h to H. The equations of motion, (2.12), and the gauge field equations,
(2.15), follow from the Lagrangian,
where L gWZW is the Lagrangian of the asymmetrically gauged G/H WZW model,
This Lagrangian is invariant under the gauge transformations (2.16).
Let us now consider the fluctuations around a classical solution, g 0 , A 0± , Ψ R 0 , Ψ L 0 , as follows
Hereafter we will consider classical solutions with vanishing fermions, i.e., Ψ R 0 = Ψ L 0 = 0. Under this perturbation the quadratic fluctuations of the Lagrangian for the deformed gWZW model (2.17) are described by
This Lagrangian was derived in [24] .
In order to study fluctuations around a particular classical solution by using the reduced theory we need to find corresponding g 0 , A 0± by fixing the G gauge and partially fixing the H × H gauge.
Generally it is not easy to find a gauge such that g 0 , A 0± solve the gauge equations (2.15) as well as they take a convenient form for extracting physical part of the perturbation. Moreover it becomes much harder if the classical string solution is inhomogeneous, which is the case we will discuss in this paper. One can circumvent this gauge fixing task by using an embedding of the complex sinh-Gordon model into the deformed gWZW model. is
Then the classical solution is expressed in terms of the Euler angles, φ A and χ A , 22) and the matrix elements ofḡ 0 are written as,
The corresponding gauge fields are obtained by solving the gauge field equations (2.15),
Plugging these into the gWZW Lagrangian in [16] , one finds that the Lagrangian of the coth model, (2.5), is recovered.
On the other hand the Lagrangian of the tanh model is obtained if we choose the following param-
The gauge equations (2.15) are solved by 27) where
Note thatḡ 0 and g 0 are related by an H × H gauge transformation rather than an H gauge transformation. One example of the H gauge transformation is
where Below we will evaluate the fluctuations in the whole AdS 5 × S 5 around classical strings stretching in the AdS 3 × S 1 subspace by using the embedding of the complex sinh-Gordon model into the deformed gWZW model, i.e., (2.26) and (2.23). Although g 0 for the coth model is constructed by a standard gauging, the coth model has several issues when we calculate quadratic fluctuations, and we will mainly use the embedding of the tanh model. We will come back to this point in the case of the (S, J) folded string in the next section.
Folded string
In this section we shall evaluate the Lagrangian for quadratic fluctuations around the (S, J) folded string. In the original string theory the semiclassical expansions are carried out in the Nambu action in the static gauge and in the Polyakov action in the conformal gauge in [26] , and the equivalence of these two approaches is shown in [28] . Although the Pohlmeyer reduced form of the AdS 5 × S 5 is constructed from the conformal gauge string theory, it is expected that the fluctuation Lagrangian of the reduced theory takes a similar form to the effective Nambu action as both the reduced model and the Nambu action involve only the physical degrees of freedom after choosing a gauge.
We shall derive the Lagrangian for bosonic fluctuations in 3.1 and the Lagrangian for fermionic fluctuations in 3.2. To compare our result with the original string theory we shall carry out the perturbation in the Nambu action in the static gauge, and show how this approach is related to the coth model and tanh model in the reduced theory in 3.3.
Let us first review the (S, J) folded string in AdS 3 ×S 1 which is expressed in terms of the embedding coordinates,
where κ, w and ν are constants, and ρ is a function of σ, ρ = ρ(σ). The equation of motion and the conformal gauge constrains read
Next we shall derive the corresponding classical solution in the reduced theory. The mass scale of the reduced theory µ can be found by observing the AdS part of the stress tensor. In the present case we have T AdS ±± = −ν 2 meaning that this is the case of µ + = µ − . Then we set
We have two ways of the reduction, the embedding of the coth model or the embedding of the tanh model. As mentioned below it is more convenient to employ the tanh approach. The classical solution, φ A and θ A , in the tanh model is given by the relations in (2.7),
Substituting these into the formula of g 0 and A ± , we have 5) and the gauge field equations (2.15) are solved by the following A ±0 ,
where a ±0 are given by
The reason we use the tanh model here is as follows. If we plug the folded string solution (3.1) into the reduction equation (2.3) with µ = ν, we obtain the classical solution of the coth model
Here χ A can be expressed in an integral form. This can be also understood by substituting φ A into the relation of χ A and θ A in (2.10). On the right hand side, ∂ ± θ A is constant, but tanh φ A has the ρ(σ) dependence, and then, χ A ends up with the complicated form.
As far as the calculation of the quadratic fluctuations is concerned, the expression of χ A in (3.8) does not seem to cause a serious problem because only its derivative, ∂ + χ A , appears in to the Lagrangian for the quadratic fluctuations if the H × H gauge is properly chosen. However,ḡ 0 for the coth model in (2.23) is not this case; due to the peculiar form ofḡ 0 some components ofḡ
contain the e iχ A factor, and consequently, the perturbed Lagrangian has the χ A dependence. Of course this e iχ A factor can be removed from the perturbed Lagrangian by redefinition of fluctuation fields, but such redefinition is highly nontrivial. Also, the form of g 0 for the tan model in (2.26) is very convenient to integrate out the gauge fields and decouple the physical fields from the unphysical fields.
Therefore we will basically use the tanh model in the following sections.
Before moving on to the semiclassical computation, let us add some remarks on the open string counterpart of the folded string solution in the scaling limit where the (S, J) folded string solution becomes homogeneous. The (S, J) folded string in this limit was studied in the reduced theory [24] . In [33] it was shown that the two classical string solutions are connected by the SO(2, 4) rotation and analytic continuation on the worldsheet τ → −iτ , and then, quantum corrections to the scaling function calculated in the open string picture are the same as those in the folded string picture. 7 Because the isometry of AdS 5 , SO(2, 4), becomes obscure by the Pohlmeyer reduction, any two solutions related by an SO(2, 4) transformation are encoded into a single solution in the reduced theory. Hence we obtain a reduced theory solution corresponding to the null cusp solution in the original theory by the analytic continuation τ → −iτ in g 0 (3.5) (after taking the scaling limit, w → κ and ρ → ℓσ with
In general the equivalence of characteristic frequencies of the quadratic fluctuations in the reduced theory comes from that of the classical solutions g 0 . Therefore, in the reduced theory, one can trivially check frequencies for the two classical solutions match.
Bosonic fluctuations in reduced theory
The argument for the S 5 sector is the same as the case of the scaling limit studied in [24] . Four bosonic fluctuations in the S 5 sector are massive fields with m
In the AdS 5 sector we shall discuss the bosonic fluctuations by using the tanh model for the above reason. To express the quadratic fluctuations in terms of components fields, let us introduce bosonic fields by
which correspond to physical fields in the reduced theory.
10)
These are unphysical fields in the reduced theory and to be gauged away or integrated out from the fluctuation Lagrangian.
One advantage of using g 0 (2.26) is that the system decouples into two subsectors: One contains a 1 and a 2 coupling to the diagonal parts of η ⊥ and δA ± , while the other contains a 3 and a 4 coupling to the off-diagonal components of η ⊥ and δA ± . Hence, as done in the long string limit case in [24] , we can fix the H gauge such that the physical fields a i decouple from the unphysical fields,
which is the same as one of the three gauge conditions in the long string limit case in [24] , and we should impose two more conditions,
and
(3.14)
Under this gauge choice the Lagrangian for a sector with a 1 and a 2 is 15) and the sector with a 3 and a 4 has the Lagrangian,
This Lagrangian does not diverge at turning points of the folded string, i.e., at ρ ′ = 0. This observation is different from the case of ν = 0 in [26] . The long string limit case is recovered where we take w → κ and ρ → ℓσ, and replace the conformal gauge constraint by κ 2 − ν 2 = ℓ 2 . In this limit the resulting Lagrangian yields the correct frequencies [27] .
If we take ν → 0 limit in (3.15) and (3.16), the Lagrangians become
The sum of these two Lagrangians are the exactly the same as the Lagrangian (5.6) in [26] , which is found by perturbing the Nambu action in the static gauge. We find a 1 and a 2 correspond to β i while a 3 corresponds to φ A and a 4 is interpreted as a massless fluctuation denoted asφ in [26] .
So far we have carried out the perturbation in the full reduced theory by embedding the tanh model into the gWZW model and shown that the perturbed Lagrangian takes the Nambu-Goto type in the original string theory. One may expect two of the fluctuations are captured by perturbing the tanh model directly. Plugging the folded string solution (3.4) into the fluctuation Lagrangian (2.11) and rescaling δθ A by
then we have the following Lagrangian,
Noticing that this Lagrangian takes the same form as (3.16), we find that δφ A and δθ A correspond to a 3 and a 4 , respectively. Hence it turns out that the perturbation in the tanh model describes the most complicated part of the bosonic fluctuation Lagrangian. This fact is useful when we consider more complicated classical solutions (see sections 4, 5 and 6).
Fermionic fluctuations
For a consistency with the original string theory, the masses of the fermionic fluctuations in the reduced theory should match those in the original theory. We define component fields of the fermionic fluctuations in the following way,
where
and 25) where all component fields are real Grassmann. The extra factor v = exp(iwκτ /ν) is introduced in XL and YL such that the exponential factor does not appear in the Lagrangian. The resulting Lagrangian is
After a careful observation we find this system decouples into four subsectors, which show an identical structure containing two of αi fields and two of βi fields. Let us focus on the subsector containing α1, α2, β3 and β4, described by a part of the Lagrangian,
which is simplified as
where 
The first two terms in (3.28) can be summarized by introducing Ψ ≡ exp (aΓ3) ψ with
The same prescription applies for the other subsectors, and consequently, it turns out that the fermionic fluctuations have the mass term with a σ-dependent coefficient ν 2 + ρ ′2 , which agrees with [26] .
Bosonic fluctuations from Nambu action of original string theory
In [26] the authors showed the bosonic fluctuations around the folded string without the S 1 part (ν = 0 in (3.1)) and they found that the mass of one bosonic fluctuation found from the Nambu action contains one 1/ρ ′2 term. However, our calculations in the reduced theory in 3.1 shows that the Lagrangian has no 1/ρ ′2 term if the string solution has the S 1 sector.
It might be considered that this difference appears because the fluctuations in the AdS5 part nontrivially couple to a fluctuation in S 5 part in the ν = 0 case. So we shall first carry out the perturbation in the Nambu action with nonvanishing ν. However we will find the nontrivial coupling is not all of the reason for the difference; the fluctuations in the tanh model and in the Nambu action are related by the T-duality transformation rather than rescaling or rotation of fluctuation fields. Because the partition functions of any two theories connected by the T-duality transformation are the same, this is a nontrivial support for our conjecture on the quantum equivalence (1.2).
In the reduced theory the T-dual of the tanh model is the coth model. So we shall also show that the perturbation in the coth model recovers the quadratic fluctuations found by perturbing the Nambu action in another gauge. In section 2.1 we showed that the tanh model and coth model are realized as the different ways of H × H gauge fixing. Hence the result supports that the partition function is H × H gauge independent.
The Nambu action for the bosonic string in AdS5 × S 5 is given by 33) where the induced metric on the worldsheet h ab is
In the present case the classical forms of gµν(x) and x µ are respectively 35) which are related by the Virasoro constraints and equation of motion (3.2). Imposing the static gauge where the fluctuations of t and ρ are set to zero we have the following perturbation,
Expanding the Lagrangian (3.33) gives the following action for the quadratic fluctuations, Let us focus on the other two fields,φ andφ, which should be compared with a3 and a4 in (3.16). The corresponding part in (3.37) is
Even if we rescaleφ andφ such that the coefficients of their kinetic terms are one, the resulting Lagrangian does not match the Lagrangian in (3.16). In fact (3.37) and (3.16) are related by the T-duality transformation.
Because the Lagrangian (3.37) only depends on the derivatives of the fields φ and ϕ, it is allowed to carry out the T-duality transformation at the level of the Lagrangian in the present case. In order to derive the T-dualized Lagrangian we first denote ∂±φ by A± and introduce a Lagrange multiplierx. Then the Lagrangian (3.37) is becomes
The Lagrange multiplierx will become a new physical field in the T-dual picture. Integrating out A+ yields
, we have the following Lagrangian,
This is exactly the same as the fluctuated Lagrangian (3.16), and also (3.20) . Because the characteristic frequencies are invariant under the T-duality transformation, the fluctuated Lagrangian of the long string limit in the reduced theory produces the correct frequencies.
Recalling that the T-dual of the tanh model is the coth model in the reduced theory, we can expect the fluctuation Lagrangian of the coth model exactly agrees with that of the Nambu action. We are now interested in the nontrivial sector described by the complex sinh-Gordon model. Hence, for our present purpose, it is enough to perturb the Lagrangian of the coth model rather than the deformed gWZW model. Plugging the classical solution (3.8) into the fluctuation Lagrangian (2.6) and rescaling χ A such that its kinetic term has unit coefficient, we obtain the following Lagrangian,
δφ .
(3.42)
In the Nambu action in the original string theory this Lagrangian is obtained if two fluctuations are introduced in the following way, 
. perturbing the Nambu action. This is the case for the bosonic string theory in R × S 2 , which is studied in appendix B
Circular string
In this section we shall discuss semiclassical quantization in the reduced theory for the (S, J) circular string solution. Semiclassical computation in the original string theory was studied in [29, 30, 31, 32] . It is expected that the perturbation in the reduced theory reproduces the result of [30] .
We shall derive the Lagrangian for the quadratic fluctuations by using the embedding of the tanh model, and evaluate their characteristic frequencies for the bosonic fluctuations in 4.1 and for the fermionic fluctuations in 4.2. However a set of the characteristic frequencies in the reduced theory is not identical to the result in [30] .
Then we shall show that the sum of the frequencies matches the original string theory result perturbatively in 4.3, and find a 2d Lorentz transformation such that each of the frequencies in the reduced theory is the same as the corresponding frequency in the original theory in 4.4. It may be considered that this happens because the (S, J) circular string is the case of µ+ = µ− as a reflection of the existence of winding on a big circle of S 5 .
As we will see in section 6 we observe the similar result for another example of µ+ = µ−.
We shall start the discussion with introducing the (S, J) circular string solution in the embedding coordinates,
where r0 = coshρ0 and r1 = sinhρ0 with a constant radius ρ0. m and k are integer winding numbers in the AdS3 subspace and the S 1 subspace, respectively. This solution has three Cartan charges, (E, S, J) = √ λ(E , S, J ),
2)
The equations of motion read
whereas the conformal gauge constraints are written as
They are supplemented by the identity r 2 0 − r 2 1 = 1, which can be rewritten as
The relations (4.3), (4.4) and (4.5) show that only three of these parameters are independent. When calculating quantum fluctuations it is convenient to use κ, k, r1. 8 From the latter three expressions, (4.4) and (4.5), we obtain the following relations,
whcih will be useful when we compute fluctuations. we have
which imply we should introduce µ
. Because the closed string theory is defined on a cylinder rather than a plane, it is not allowed to set µ+ = µ− by using 2d Lorentz transformation. Instead we proceed with a single µ defined by µ = √ µ+µ− = √ κ κ 2 − 4k 2 r , 
We find that g −1 0 ∂+g0 and g −1 0 A+0g0 are constant with these expressions. Hence this is a good starting point to discuss quantum fluctuations for the homogeneous string solution.
Bosonic fluctuations in reduced theory
The S 5 sector is rather simple; bosonic fluctuations in the S 5 sector for a string solution in AdS3 ×S 1 are massive fields with masses ±µ. In the present case we have µ 2 = µ+µ−, then we obtain characteristic frequencies for the four massive fields, 13) which are exactly the same as the result in [30] .
As done in the case of the folded string, we introduce the fluctuation fields by (3.9), (3.10) and (3.11), 9 integrate out the diagonal parts of the gauge field fluctuations, and then, use the H gauge freedom such that physical fluctuations decople from unphysical fluctuations. The physical part of the quadratic fluctuations is described by the Lagrangian containing a1 and a2, 14) and the Lagrangian containing a3 and a4,
Now it is clear that a1 and a2 correspond toỸ2 in [30] , whose frequencies are
However the second Lagrangian L2 does not describe the remaining two fluctuations in AdS5 in [30] . In fact,
by substituting e i(Ωτ −nσ) into the equations of motion, one finds that the condition that the determinant of the mass matrix vanishes reads 17) which is different from the corresponding equations in the original theory (c.f., Eq. (4.15) in [30] ), 18) and consequently, the characteristic frequencies are different. The four roots ΩI;n are ΩI=1,2;n = −2kn± n 2 (n 2 +4k 2 u(1+u)) These frequencies are totally different from those in [30] . Therefore, as far as the individual characteristic frequencies are concerned, the reduced theory does not reproduce the result of the original string theory even for the zero modes.
For consistency we shall discuss the perturbation in the coth model which should describe the nontrivial sector containing a3 and a4, (4.15). Using the reduction (2.3) and the fluctuation Lagrangian of the coth model (2.6) we obtain the following Lagrangian,
δφ , Because the other six bosonic frequencies match the corresponding six frequencies of the original theory, the discrepancy in these two frequencies seems to be a serious problem. However, in the following subsections, we will show that the total sum of the characteristic frequencies including the fermionic contributions is the same as that of the original string theory. Hence the discrepancy here is not indeed a problem.
Fermionic fluctuations in reduced theory
We define component fields of the fermionic fluctuations as in the folded string case (3.21) -(3.25). 11 Then the fermionic part of the quadratic fluctuations takes the form,
As expected the coefficients of each term in the Lagrangian is totally constant. Then we can evaluate frequencies in a straightforward way, 22) from the fact we use the mode expansion e i(Ωτ −nσ) rather than e i(Ωτ +nσ) . 11 Here we should use v in (4.11) for v in the expression of δΨ L .
While a agrees with a in [30] , the other two do not match.
Despite of the discrepancies in the frequencies, one might still expect that the sum of all the frequencies match, which can provide a nontrivial support that the partition functions in the two theories are equivalent in the case of the (S, J) circular string at one-loop level. To show this we shall evaluate the sum of the frequencies perturbatively in J in the next subsection.
Sum of frequencies
The procedure of calculating sum of the characteristic frequencies directly follows from the computation of the one-loop energy correction discussed in [30] . If given a set of N fluctuations, we obtain 2N roots ΩI;n where m11 is a minor of the mass matrix, i.e., the determinant of the matrix obtained from the mass matrix by removing the first row and first column. Note that the fermionic frequencies contribute to the partition function negatively. For the (S, J) string we find the structure of signC The zero modes contribution is 27) and nonzero modes are
where Ω0 is shown in (4.20) and ΩI;n is expanded in terms of large J in (4.19) . Using the formula for the large 29) where u = S/J , we find the zero mode part,
On the other hand, the contribution from the non-zero modes is expanded as
These two results are consistent with [30] .
It is still mysterious that the characteristic frequencies of each fluctuation do not match. In [30] the expansions of the Landau-Lifshitz Lagrangian is also discussed as a useful tool for extracting the part of the fluctuation frequencies in the string theory, ΩI=1,2. Although each frequency in the Landau-Lifshitz model is different from the corresponding one in the string theory, the sum of the two frequencies agrees with the string theory result. So one might expect that the sum of the frequencies of a3 and a4 would agree with that of the two fluctuations in the original string theory in the large J expansion. However this does not happen.
Actually, for the nonzero modes of a3 and a4, we have
On the other hand, the corresponding sum in the original string theory is
which is different from (4.32) and the discrepancy is
This cancels with the discrepancy in the fermionic sector, and then the total sums of the frequencies are the same.
2d Lorentz boost
Generally we can evaluate the characteristic frequencies and confirm the agreement of the total sum of the frequencies order by order in the large J . However it is technically hard to continue the calculation to higher orders in 1/J . Here we shall find a 2d Lorentz transformation on the worldsheet, which does not change the total sum of the bosonic and fermionic frequencies, but can change some of the frequencies.
Because the equations for the two fluctuations a1, a2 in the AdS5 sector and all of the four fluctuations in the S 5 sector do not contain the first derivative term, their frequencies are obviously invariant under the Lorentz boost on the worldsheet. Hence one can expect a certain 2d Lorentz boost allows us to modify the equations for the fermionic fluctuations and the other two bosonic fluctuations such that they yield the frequencies found in [30] . Let us introduce the 2d Lorentz boost by τ → p1τ + q1σ , σ → q1τ + p1σ , with p In order to set the equations for frequencies of the two bosonic fluctuations a3 and a4 to be the same as the corresponding equation in the original theory (4.18), we should choose
.
(4.36)
By this 2d boost the fermionic frequencies are changed into
where 38) which are exactly the same as [30] . Therefore all of the fluctuations in the reduced theory agree with the result of [30] in this frame. Because the sum of the frequencies should be invariant under the 2d boost, our result implies that the sum of the frequencies in the reduced theory, (4.27) and (4. However, it is still mysterious why the mixing of the bosonic and fermionic frequencies occurs by the Pohlmeyer reduction and why it is necessary to set µ+ = µ− for the agreement of the frequencies of the individual fluctuations.
Spiky string
We shall discuss semiclassical expansion around the (S, J) spiky string solution in AdS3 × S 1 by using the embedding of the tanh model into the deformed gWZW model for the bosonic sector in 5.1 and for the fermionic sector in 5.2. Classical aspects of the spiky string solutions were studied in the bosonic string theory [35, 36] and in the Pohlmeyer-reduced form [9] . In [24] and in the earlier sections of this paper we have seen that the semiclassical computation in the reduced theory perfectly recovers the one-loop corrections to the string partition function, and moreover, it has a huge advantage as the reduced theory has simple structures of both the bosonic and fermionic fluctuations after properly fixing the H gauge. Hence we expect that our result will agree with the string theory side, and the calculation here will be much simpler than the standard worldsheet approach in the conformal gauge string theory.
First we shall review the (S, J) spiky string solution in AdS3 × S 1 found the paper [36] . The solution is expressed in terms of the embedding coordinates, Here w0 and w1 are real constants. The S 1 part is explicitly written as
while ϕ0 and ϕ1 are expressed in differential form,
where ν, D, C0 and C1 are real constants. The Virasoro constraints read 
Here it is necessary to assume w 
The constant v1 is not arbitrary but is a function of v2 and v3,
C1 and C2 are expressed in terms of v1, v2 and v3 
By this definition of µ we have implicitly assumed
µ is real. So we will hereafter work on the reduction in these parameter regions. Although the corresponding solution in the reduced theory takes a different form for other parameter regions, one can show that the resulting fluctuation Lagrangian is independent of the choice of the parameters.
Following the standard procedure of the Pohlmeyer reduction for the tanh model, (2.7), we obtain the sinh-Gordon angle φ A , 14) and θ A ,
where we have introduced Mi (i = 1, 2, 3) as functions of r1,
Hereafter let us consider the case of positive M1. 14 Because the radial coordinate r1 is a function of u = ατ +βσ, 13 For notational simplicity we will use r 1 rather than v which is used in the original paper [36] . Although expressing the classical solution in terms of r ′ 1 makes it easy to understand the behavior of the fluctuations at spikes, we avoid to employ r ′ 1 for the same reason. 14 This assumption is related to a condition for the existence of the solution of the equation (5.7) for D = ν = 0. Naively the equation (5.7) has a solution if its right hand side is positive. A sufficient condition for this is exactly the same as M 1 ≥ 0 because we have C 2 0 ≥ C 2 1 .
θ A can be expressed in an integral form. Making the T-duality transformation does not help in the present case; ∂±θ A are not constant also in the coth model. However, this is not a serious problem as far as quadratic fluctuations are concerned, since θ A appears only as ∂±θ A in the fluctuation Lagrangian.
If we substitute (5.14) and (5.15) into (2.26) we find that the corresponding classical solution in the gWZW model takes the following form,
v is given by 20) where θ A solves the differential equations in (5.15). P1 and P2 are written as
The classical gauge field equations (2.15) are solved by A±0 = i 2 a±0R2 with
where ∂±θ A are given by (5.15).
At the level of the classical solution (5.19) we can not take the D, ν → 0 limit in which the string is not stretching in S 5 . It is because P1,2 in (5.21) diverge in this case due to the factor of √ α 2 ν 2 − D 2 in their denominators. We will show the D, ν → 0 limit can be taken once we derive the Lagrangian for quadratic fluctuations, which is the same situation as the (S, J) folded string case.
Bosonic fluctuations in reduced theory
Bosonic fluctuations in the S 5 sector for any string solution in AdS3 × S 1 are massive fields with masses ±µ.
From (5.13) we find the Lagrangian for the quadratic fluctuations in the S 5 sector, bi (i = 1, . . . , 4), is
In this sector all fluctuations have the constant masses.
The procedure for deriving the physical part of the fluctuated Lagrangian in the AdS5 sector is the same as
If we consider the other case where M 1 is negative, the D, ν → 0 limit in the fluctuation Lagrangians yields a wrong answer. This problem is solved by the following prescription. Generally the reduction equation for φ A in (2.7) has four solutions, two of which are real. Employing the other real branch for φ A , 18) one can check the D, ν → 0 limit becomes well-defined for M 1 < 0 at the level of the fluctuation Lagrangians. This observation implies that we should choose φ A appropriately depending on the parameters, α and w 0 . Another reason we have assumed M 1 ≥ 0 is that the solution has a smooth limit to the folded string in AdS 3 under this assumption. In fact the folded string limit corresponds to M 1 → ρ ′2 which is positive-definite. that in the (S, J) folded string case and the circular string case; introduce the fluctuation fields by (3.9), (3.10) and (3.11), integrate out the diagonal parts of the gauge field fluctuations, and then, use the H gauge freedom such that physical fluctuations decouple from unphysical fluctuations. 15 Consequently we find the Lagrangian containing a1 and a2,
As shown for the previous classical solutions, one shortcut way to the Lagrangian containing a3 and a4 is to perturb the tanh model Lagrangian directly. For the spiky string solution this approach has a big advantage because of the complicated expression for the classical solution. Substituting the classical solution (5.15), (5.14)
into the perturbed Lagrangian of the tanh model (2.11), we obtain the Lagrangian for a3 and a4,
where 27) and
Finally we shall consider the case of no stretching in S 5 , which is achieved by taking the limit D, ν → 0, and correspondingly, M2 → α 2 M1, M3 → M1. In this case the fluctuations in the S 5 (5.23) become massless.
In the AdS5 sector we have the following Lagrangian,
where we have rewritten C0 and C1 as C0 = w1f and C1 = −w0f , respectively, such that they solve the second fact the folded string solution corresponds to the limit M1 → ρ 2 , w0 → κ, w1 → w and α, β → 0, and one can see that the Lagrangian (5.30) reduces to the sum of (3.17) and (3.18) in this limit.
Fermionic fluctuations in reduced theory
Once given the component fields of fermionic fluctuations by (3.21) -(3.25), we can write down the fermionic fluctuation Lagrangian in terms of αi and βi, A− ,
A± are defined in the bosonic sector, (5.29).
The Lagrangian (5.31) again describes four decoupled systems, each of which has four fermionic component fields. After rotating the fermionic component fields, as discussed in the folded string case in section 3.2, we have four copies of the following Lagrangian,
where Ψ is a real four component spinor.
Let us now discuss the special case where the string is in pure AdS3, that is, D, µ → 0, M2 → α 2 M1 and M3 → M1. Recalling that we are considering that case of M1 > 0, then we find the coefficient of the mass term of the fermionic fluctuations becomes
Hence the D, µ → 0 limit is well-defined at the level of the fluctuation Lagrangian in the fermionic sector.
For consistency the fermionic Lagrangian (5.33) should recover the fermionic fluctuation Lagrangian for the folded string in pure AdS3. Taking the corresponding limit M1 → ρ 2 , w0 → κ, w1 → w and α, β → 0 yields the mass term with a coefficient ρ ′ which agrees with [26] . Hence the fermionic part of the quadratic fluctuations around the folded string without the S 5 sector is recovered.
6 Folded string with orbital momentum and winding in S 1 of
In this section we shall study semiclassical expansion around the generalized folded string solution with both the orbital momentum and the winding in S 1 of S 5 which was constructed in [37] . After showing how to achieve the generalized homogeneous folded string from the (S, J) spiky string, we will evaluate the characteristic frequencies for the quadratic fluctuations for bosons in 6.1 and for fermions in 6.2 in order to compare them with the result of [37] . 16 Again we should use v in (5.20) with (5.15) for δΨ L instead of the original v for the (S, j) folded string.
The generalized folded string solution also has the open string counterpart, a null cusp solution, which is obtained by a combination of analytic continuation on the worldsheet and SO(2, 4) rotation from the generalized folded string solution [37] . Because the SO(2, 4) symmetry is obscure in the reduced theory, the generalized folded string and its open string counterpart are connected by the analytic continuation in the reduced theory.
Hence the equivalence between the two classical solutions becomes rather trivial by the Pohlmeyer reduction.
Because of the homogeneous nature of the generalized folded string, its fluctuation Lagrangian has constant coefficients, and thus, quantum corrections to the partition function can be computed. In fact, in [37] , the expansion around the null cusp solutions are carried out and, the one-loop and two-loop corrections are determined. Directly from the equivalence of the generalized folded string and the null cusp solution, these quantum corrections are also relevant to the folded string.
Below we shall evaluate the characteristic frequencies of the quadratic fluctuations and compare them with the one loop computation in [37] . Reflecting the fact the generalized folded string has both the orbital momentum and the winding in the S 1 sector, this is another case of µ+ = µ− in the reduced theory. Therefore the conclusion of the one loop computation is very similar to the (S, J) circular string case in section 4; two of eight bosonic frequencies which can be derived by the perturbation in the complex sinh-Gordon model do not agree with the string theory result. But the the discrepancy is removed by considering the fermionic contributions, and the total sum of the frequencies agrees with the string theory result. In order to show this we shall find a 2d Lorentz transformation such that all of the bosonic and fermionic frequencies become the same as the frequencies of the corresponding fluctuations in the original theory in 6.3.
We shall first review the generalized folded string solution with both the orbital momentum and the winding in S 1 of S 5 . Introduce the global coordinates in AdS3 × S 1 by
then we expressed the solution in the conformal gauge,
Here we are considering the following limit,
In this solution only three parameters are independent. We will use κ, ν and m when we calculate quadratic fluctuations. If we set the winding in a large circle of S 5 , m, to be zero, the solution reduces to the (S, J)
folded string solution discussed in section 3.
To compare this solution with the (S, J) spiky string solution in section 5, we rewrite the generalized folded string solution in terms of another radial coordinate v introduced in (5.8) and derive the equation for v ′ , which is different form the three limiting cases considered in [36] .
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Let us next construct the corresponding solution in the reduced theory. For this purpose we express the generalized folded string solution (6.2) in terms of the embedding coordinates,
where ρ(σ) and ϑ(σ) are given in (6.3), and related to the parameters in the S 1 sector. The mass scale of the reduced theory µ can be extracted from T AdS ++ and T AdS −− . In the present case we have 8) which imply µ± = ν ± m, and then, µ should be introduced by their product,
As done in the semiclassical computation for the other solutions we use the tanh model in the reduced theory.
Once we obtain the mass scale µ, the solution in the original theory, (6.7), is encoded into a solution of the tanh model in the reduced theory by using (2.7),
Plugging these into (2.26) and (2.28) we obtain the classical solution for the deformed gWZW model,
Bosonic fluctuations in reduced theory
Four physical modes in the S 5 sector yield four bosonic fluctuations with the masses ±µ. In the present case we have µ 2 = ν 2 − m 2 , then their frequencies are 14) which is consistent with [37] .
For the AdS5 sector one easy way to obtain the constant coefficient Lagrangian for physical fluctuations is again to introduce the component fields of η and δA± as in (3.9), (3.10) and (3.11), and then, to use the H gauge symmetry such that the physical fields decouple from the unphysical fields as in the folded string case.
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Two of the bosonic fluctuations in the AdS5 sector are described by the Lagrangian,
Then their frequencies are 16) which agree with the result in [37] . The problem appears in the sector of the other two bosonic fluctuations, which can also be captured directly by the perturbation in the complex sinh-Gordon model,
The equation for the characteristic frequencies is
which is not the same as the corresponding equation in [37] ,
Therefore characteristic frequencies of the reduced theory and the original theory are different in this sector.
However, this does not imply that our conjecture on the quantum equivalence between the original string theory and the reduced theory, (1.2), breaks down. Later we will show this discrepancy should cancel with that of fermionic fluctuations by finding a specific Lorentz transformation making all of the frequencies the same as those in the original string theory. 18 The original v in (3.11) should be replaced by v in (6.12).
Fermionic fluctuations in reduced theory
The parameterization for the fermionic fields (3.21) - (3.25) in the fermionic part of the fluctuation Lagrangian (2.20) gives the constant coefficient Lagrangian,
The fermionic characteristic frequencies are given by solving the following equation, 20) which is not the same as the equation for the fermionic frequencies in the original theory, 21) and consequently, the characteristic frequencies do not match.
2d Lorentz boost
In section 4.3 we carried out the large J expansion and showed the sum of the frequencies in the reduced theory is the same as that in the original string theory up to the order 1/J 2 . Because the sum of the frequencies should be invariant under 2d Lorentz boost on the worldsheet, the sums of the frequencies of these two theories are the same if all of the frequencies in the reduced theory become the same as the corresponding frequencies in the original theory by a single 2d Lorentz boost. The (S, J) circular string is the case.
The present situation is very similar. Six of bosonic frequencies, (6.14) and (6.16), are Lorentz invariant, while the others frequencies described by (6.18) and (6.20) are changed by the Lorentz transformation. Here we look for a 2d Lorentz transformation which applies for the equations for both the bosonic and fermionic frequencies. If we introduce the 2d Lorentz transformation in the reduced theory by It is worth mentioning that the transformation (6.22), (6.23) is exactly the same as the one setting µ+ = µ− in (6.9). In fact, applying the 2d Lorentz boost to the generalized folded string solution (6.7), we finds that the stress tensor becomes
which implies µ+ = µ− = ν 2 − m 2 . This is the same observation as in the circular string case in section 4.
Concluding remarks
In this paper we have discussed the semiclassical expansions around several classical string configurations localized in AdS3 × S 1 using the Pohlmeyer-reduced form of the AdS5 × S 5 superstring theory.
To avoid the difficulty in reducing a classical string solution, i.e., fixing the G gauge and the H × H gauge, we have used the embedding of the complex sinh-Gordon model into the deformed WZW model, which allows us to easily understand inhomogeneous string solutions through the reduced theory, in particular, to uncover the relation between the fluctuations in the Pohlmeyer-reduced form and those derived by perturbing the Nambu action in the original string theory. Another result is that if µ+ = µ−, that is, if string has both the winding and the orbital momentum in S 1 of S 5 , the perturbation in the reduced theory gives the equivalent set of characteristic frequencies in the sense that the sum of the frequencies agrees with the string theory result, although the discrepancy is found for the frequencies of the individual fluctuations. The agreement of the individual fluctuation frequencies is achieved by applying the 2d transformation such that it sets µ+ = µ− in the classical solutions. We have also derived the fluctuation Lagrangian for the (S, J) spiky string solution which is expected to agree with the original superstring theory.
One can apply the technique used in the present paper to string solutions in R × S 3 , where a homogeneous case was studied in the reduced theory in [24] . However, if we try to understand strings in larger spacetime, such as AdS5 × S 1 and R × S 5 , we would need to follow different strategy in reducing a string solution to a reduced-theory solution and integrating out unphysical fields.
In this paper we have shown that the limit of no stretching in the S 1 , corresponding to the µ → 0 limit, and 1 is the 4 × 4 identity matrix. With this choice of H, the reality condition (6.27) gives the relations,
So we see that the bosonic matrix A belongs to u(2, 2) and the other bosonic matrices D belong to u(4).
The only one combination of each u(1) generator, i1, satisfies the reality condition (6.27) and supertraceless condition (6.26) . Hence the bosonic subalgebra of su(2, 2|4) is decomposed as su(2, 2) ⊕ su(4) ⊕ u(1) . (6.31)
The superalgebra psu(2, 2|4) is defined as the quotient algebra of su(2, 2|4) over this u(1) factor.
One important property of the psu(2, 2|4) superalgebra is that it admits a Z4 automorphism such that the condition Z4(f) = f determines the subgroup G = Sp(2, 2) × Sp(4) of F = P SU (2, 2|4). Define the automorphism f → Ω(f) by The κ-symmetry allows us to set fermionic fields to take values in f , 
B Pulsating string in reduced theory
The equivalence of equations of motion for the quadratic fluctuations in the original string theory in conformal gauge and in the reduced theory was shown for an arbitrary classical solution localized in the AdS2×S 2 subsector in [24] . In this sector there are many classical string configurations; the pointlike string moving along a big circle of S 2 , the unstable wrapping static string and inhomogeneous solutions such as pulsating strings, folded strings and magnons, e.g., [3, 5, 6, 7, 38, 39, 41] . In this appendix we shall consider the pulsating string in R × S 2 as a nontrivial example in this subsector, and derive the Lagrangian for its quadratic fluctuations which should be directly compared with the fluctuation Lagrangian found by perturbing the Nambu action in the original string theory.
In section 3 we have shown the fluctuations from the Nambu action are related to those of the tanh model by the T-duality transformation and the same as those of the coth model. This variety in the reduced theory originates from the freedom in introducing the second field, i.e., θ A for the tanh model or χ A for the coth model.
Because bosonic string theory in R × S 2 is reduced to the sin-Gordon model which possesses a single field φ S , it is expected that the Lagrangians in the original theory and in the reduced theory exactly match.
The pulsating string solution in S 2 studied in [38, 39] is expressed in terms of the embedding coordinates for AdS5 × S 5 , Y0 + iY5 = e iκτ , Y1 = Y2 = 0 , X1 + X2 = sin ψ(τ )e imσ , X3 = cos ψ(τ ) , X4 = X5 = X6 = 0 , (6.50) where m is the winding number on S 2 . The Virasoro constraints give one nontrivial constraint,
and the equation of motion is also derived by its derivative, where the dot represents the derivative with respect to τ .
The detail of the reduction for the case of the AdS2 × S 2 subsector is described in [24] . The sum of these two Lagrangians in the reduced theory, L1 + L2, is exactly the same as the Lagrangian for the quadratic fluctuations found by perturbing the Nambu action in the original string theory.
B.2 Fermionic fluctuations
The So we find the fermionic fluctuations have the mass term with a coefficientψ, which again agrees with the string theory result.
